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Abstract: Motivated by the conjecture that the cosmological constant problem is solved
by strong quantum effects in the infrared we use the exact flow equation of Quantum Ein-
stein Gravity to determine the renormalization group behavior of a class of nonlocal effec-
tive actions. They consist of the Einstein-Hilbert term and a general nonlinear function
Fk(V ) of the Euclidean spacetime volume V . For the V + V lnV -invariant the renor-
malization group running enormously suppresses the value of the renormalized curvature
which results from Planck-size parameters specified at the Planck scale. One obtains very
large, i.e., almost flat universes without finetuning the cosmological constant. A critical
infrared fixed point is found where gravity is scale invariant.
1 Introduction
Recently a lot of work on Quantum Einstein Gravity (QEG) went into constructing an
appropriate exact renormalization group (RG) equation [1, 2], finding approximate solu-
tions to it [3, 4, 5, 6, 7], and exploring their implications for black hole physics [8] and
cosmology [9]. In particular, strong indications were found that QEG might be nonper-
turbatively renormalizable. If so, it has the status of a fundamental quantum theory of
gravity, valid at arbitrarily short distances even. Here “Einstein Gravity” is supposed to
mean a theory whose basic degrees of freedom are those of the metric gµν . It is, however,
not meant to imply that its bare action is of the traditional Einstein-Hilbert form, i.e.,
“QEG” is not an attempt at quantizing General Relativity. In fact, the RG approach
tries to compute a bare action Γ∞[gµν ] with the property that the quantum field theory
based upon this highly non-generic action is nonperturbatively renormalizable [10].
The basic tool used in these investigations is the effective average action and its exact
“Wilsonian” RG equation [11]. The idea is to integrate out all fluctuation modes which
have momenta larger than a certain infrared (IR) cutoff k and to take account of those
modes in an implicit way by the modified dynamics which they induce for the remaining
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fluctuations with momenta smaller than k. This “renormalized” dynamics is encoded in a
scale dependent effective action Γk, whose dependence on the cutoff scale k is governed by
a functional differential equation referred to as the “exact RG equation”. This equation
gives rise to a flow on the space of all actions (“theory space”). The functional Γk defines
an effective field theory valid near the scale k; evaluated at tree level, it describes all loop
effects due to the high momentum modes.
The effective average action Γk, regarded as a function of k, interpolates between the
ordinary effective action Γ = limk→0 Γk and the bare (classical) action S which is ap-
proached for k → ∞. The construction of Γk begins by adding a IR cutoff term ∆kS
to the classical action entering the standard Euclidean functional integral for the gener-
ating functional W of the connected Green’s functions. The new piece ∆kS introduces
a momentum dependent (mass)2-term Rk(p2) for each mode of the quantum field with
momentum p. For p2 ≫ k2, the cutoff function Rk(p2) is assumed to vanish so that
the high-momentum modes get integrated out unsuppressed. For p2 ≪ k2, it behaves as
Rk(p2) ∝ k2; hence the small-momentum modes are suppressed in the path integral by a
mass term ∝ k2. Up to a correction term known explicitly, the effective average action Γk
is the Legendre transform of the modified generating functional Wk. From this definition
one can derive the exact RG equation obeyed by Γk. In a slightly symbolic notation it is
of the form
k ∂k Γk =
1
2
Tr
[(
Γ
(2)
k +Rk(−∆)
)
−1
k ∂kRk(−∆)
]
, (1)
where Γ
(2)
k denotes the Hessian of Γk. The RHS of this equation is a kind of “β-functional”
which summarizes the β-functions for infinitely many running couplings. Geometrically,
it defines a vector field on theory space, the corresponding flow lines being the RG tra-
jectories k 7→ Γk. In (1) the c-number argument of Rk is replaced with the operator −∆,
typically a (generalized) covariant Laplacian. The discrimination of high-“momentum”
vs. low-“momentum” modes is performed according to the spectrum of this operator, i.e.,
p2 is an eigenvalue of −∆.
2 The Einstein-Hilbert Truncation
Nonperturbative solutions to eq. (1) can be obtained by “truncating” the theory space,
i.e., by projecting the RG flow onto a “small”, often finite-dimensional subspace. As
for QEG, the first truncation studied [1] was the Einstein-Hilbert truncation defined
by the ansatz Γk [gµν ] = (16πGk)
−1 ∫ d4x√g {−R(g) + 2λ¯k} . Inserting it into (1) one
obtains a system of two coupled differential equations governing the k-dependence of
the running Newton constant Gk and cosmological constant λ¯k. Reexpressing them in
terms of the dimensionless couplings g(k) ≡ k2Gk and λ(k) ≡ λ¯k/k2 this system can be
solved numerically [3]. The resulting flow on the g-λ-plane is shown in Fig. 1. It is
dominated by two fixed points (g∗, λ∗): a Gaussian fixed point (GFP) at g∗ = λ∗ = 0, and
a non-Gaussian fixed point (NGFP) with g∗ > 0 and λ∗ > 0 [7]. There are three classes
of trajectories emanating from the NGFP: trajectories of type Ia and IIIa run towards
negative and positive cosmological constants, respectively, and the single trajectory of
type IIa (“separatrix”) hits the GFP for k → 0. The short-distance properties of QEG
are governed by the NGFP; for k → ∞, in Fig. 1 all RG trajectories on the half-plane
g > 0 run into this point. The conjectured nonperturbative renormalizability of QEG is
due to the NGFP: if it is present in the full RG equations, it can be used to construct
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Figure 1: Part of coupling constant space of the Einstein-Hilbert truncation with its RG flow. The arrows
point in the direction of decreasing values of k. The flow pattern is dominated by a non-Gaussian fixed
point in the first quadrant and a trivial one at the origin.
a microscopic quantum theory of gravity by taking the limit of infinite UV cutoff along
one of the trajectories running into the NGFP, thus being sure that the theory does not
develop uncontrolled singularities at high energies [10]. Loosely speaking, QEG is defined
to be the theory whose bare action S equals the fixed point action limk→∞ Γk[gµν ]. The
presence of the NGFP has been confirmed within a more general truncation including
a (curvature)2-term [4]. In the proximity of the NGFP, the g-λ-projection of the more
general flow is well approximated by the Einstein-Hilbert truncation. The fixed point has
a small R2-admixture, though, so that the bare action is not the one of standard general
relativity. Using a different approximation, further evidence for the NGFP was found in
[12].
For trajectories of type Ia and IIa the RG equations of the Einstein-Hilbert truncation
are mathematically well defined all the way down from k = ∞ to k = 0, those of type
IIIa terminate at a finite k = kterm > 0, however, since the β-functions diverge when
the dimensionless cosmological constant approaches 1/2. In fact, the line λ = 1/2 is
a boundary of the “theory space” of Fig. 1. While the Einstein-Hilbert truncation is
believed to be reliable near the NGFP, the aborting trajectories are a typical symptom
(known from QCD, for instance) indicating that the truncation becomes insufficient in
the IR.
3 The F (V )-Truncations
In Ref. [6] we made a first attempt at including nonlocal invariants into the truncation.
Since the ordinary effective action Γ = Γk=0 is known to contain nonlocal invariants it
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is clear that such terms must be generated during the evolution if they are not already
present in Γ∞. It is also clear that, in a cosmological application, curvature polynomials
built from terms like
∫
d4x
√
gRn are unimportant in the infrared of a “large” universe
whose curvature is small, and nonlocal terms are crucial therefore [13]. For a variety of
reasons it is very desirable to get a better understanding of the IR properties of QEG.
For instance, in [6] we speculated that the cosmological constant problem can perhaps
be solved by strong nonperturbative renormalization effects in the IR, possibly similar to
those occurring in Yang-Mills theory. The question is why the present size of the Universe
(its present Hubble radius, say) is so much larger than the Planck length. In fact, the
“natural” value of the cosmological constant is of order m2Pl, and if the classical Einstein
equation is valid, it predicts a “size” of order ℓPl ≡
√
G ≡ m−1Pl .
Motivated by their technical simplicity and the fact that they play some role in worm-
hole physics [14] also, we considered truncations of the from [6]
Γk [g] = − 1
16πG
∫
ddx
√
gR +
1
8πG
Fk(V [g]) . (2)
Here V [g] ≡ ∫ ddx√g is the volume of the d-dimensional Euclidean spacetime, Fk is
an arbitrary scale dependent function, and G is the ordinary Newton constant whose
evolution is neglected here. Since we restrict ourselves to k ≤ mPl this should be a reliable
approximation. To start with, we made the following more restrictive two-parameter
ansatz for Fk which was inspired by the work of Taylor and Veneziano [14]: Fk(V ) =
λ¯kV +
1
2
u¯kV ln(V/V0) . In terms of the dimensionless parameters λ˘(y) ≡ λ¯k/m2Pl, u˘(y) ≡
u¯k/m
2
Pl with the scale variable y ≡ k2/m2Pl the corresponding RG equations read in d = 4:
dλ˘(y)
dy
=
y
2π
{
−5 ln
[
1− 2λ˘(y)/y − u˘(y)/y
]
+ 2ζ(3)
}
,
du˘(y)
dy
=
5
π
y
u˘(y)
y − 2λ˘(y)− u˘(y) . (3)
The classification of the RG trajectories implied by (3) leads to similar classes as in the
Einstein-Hilbert truncation. A new feature is the existence of trajectories reaching the
IR (k = 0) with a positive renormalized cosmological constant limk→0 λ¯k. In this respect
it improves upon the Einstein-Hilbert truncation. There still exist aborting trajectories
though.
A rather exciting feature of this nonlocal truncation becomes obvious when one looks
at the effective equations of motion δΓk/δgµν = 0. Ignoring the k-dependence for a
moment, it reads Rµν − 12 gµνR = −λeff(V )gµν where the effective cosmological constant
λeff(V ) ≡ λ¯+ 12 u¯+ 12 u¯ ln(V/V0) is metric dependent. The simplest solutions are spheres S4
whose radius r = r(λ¯, u¯) is given by the transcendental equation u¯r2 + u¯r2 ln(σr4/V0) +
2λ¯r2 − 6 = 0 with σ ≡ 8π2/3. Assuming u¯ > 0, one finds the following relation between
the cosmological constant proper, λ¯, and the effective cosmological constant. If λ¯ > 0,
λeff ≈ λ¯, but if λ¯ < 0, λeff ∝ exp
(
−|λ¯|/u¯
)
, so that λeff can be much smaller that |λ¯|.
Since, by Einstein’s equation, r = (3/λeff)
1/2, this implies that the radius of the S4 can
be large compared to the scale 1/|λ¯|.
In [6] we investigated the “RG improvement” of this mechanism. We considered λ¯ ≡ λ¯k,
u¯ ≡ u¯k running quantities whose k-dependence is given by the system (3). In this manner
the radius of the S4 becomes k-dependent as well: r = r(λ¯k, u¯k) ≡ r(k). For a Euclidean
universe of radius r the relevant effective action is Γk at k ≈ 1/r. As a consequence,
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when we explore the possibility for large universes (r → ∞) we must use Γk=0, i.e.,
the renormalized couplings λ¯0, u¯0 rather than the bare ones, λ¯kˆ and u¯kˆ. Here kˆ is the
initial scale from which we evolve downward; usually we chose kˆ = mPl. We solved the RG
equations (3) for a wide range of initial values of λ˘ and u˘, all approximately of order unity,
specified at the initial point y = 1. Hence the initial values of λ¯k and u¯k, fixed at k = mPl,
are of Planckian size, as it would be considered natural. For a given trajectory k 7→ (λ¯k, u¯k)
of the modified type Ia, with λ¯0 < 0, we then solved the transcendental equation for the
radius r(k). Comparing the “bare” radius r(k = mPl) to the “renormalized” one, r(k = 0),
it turns out that the inclusion of the RG evolution leads to a tremendous “inflation” of the
universe: r(k = 0) ≫ r(k = mPl). Starting from natural initial conditions at the Planck
scale, it is very easy to obtain enhancement factors r(k = 0)/r(k = mPl) of the order
of 10100. This “RG improved Taylor-Veneziano mechanism” provides a very promising
approach to explain the smallness of the (positive) cosmological constant we observe
today. The V lnV -example shows that, at least in principle, a tiny nonlocal coupling in
the effective action can effectively solve the cosmological constant problem even though the
cosmological constant proper is not small. (See ref. [6] for further details.)
4 The Universe as a “Critical Phenomenon”
Allowing for an arbitrary evolving function Fk(V ) is a more ambitious task. Projecting the
RG flow on the infinite dimensional truncated theory space spanned by the ansatz (2) one
obtains a partial differential equation for Fk(V ). In terms of the dimensionless variables
fk(ϑ) ≡ kd−2Fk(k−dϑ), ϑ ≡ kdV , and gk = kd−2G, it is of the from k ∂k gk = βg(gk, fk),
k ∂k fk(ϑ) = βf(gk, fk). Since we neglect the running of G, its β-function is the canonical
one: βg = (d− 2)gk. For βf one finds [6]
βf(g, f) = −{(2− d) fk(ϑ) + d ϑ f ′k(ϑ)} (4)
+8 π g
{
(4π)−d/2 ϑ
(
d (d+ 1)
2
Φ1d/2(−2 f ′k(ϑ)) − 2 dΦ1d/2(0)
)
− 1
1− 2 f ′k(ϑ)
+
1
1− 2 f ′k(ϑ)− 2dd−2 f ′′k (ϑ)ϑ
}
where the Φ’s denote the threshold functions introduced in [1]. This flow possesses a
single fixed point: the modified Gaussian fixed point (MGFP) with g∗ = 0 and the “fixed
function” f∗(ϑ) = c ϑ
(d−2)/d. Here c is an arbitrary dimensionless constant which actually
parametrizes a one-parameter family of fixed points. The associated Γ[g] is k-independent;
in d = 4,
Γ∗[g] =
1
16πG
∫
d4x
√
g(−R) + c
8πG
(∫
d4x
√
g
)1/2
. (5)
The action Γ∗[g] has various properties which are quite remarkable: (i) Γ∗ has vanishing
cosmological constant. (ii) The action Γ∗ is scale invariant in the sense that the associated
equation of motion Rµν − 12gµνR = −cgµν/
√
4V [g] does not contain any dimensionful
coupling constant. Hence this equation cannot fix the “size” of the universe. Inserting a
S4-ansatz, say, the radius drops out and one finds that spheres of any radius are solutions
provided c = 12π
√
2/3. (iii) A detailed stability analysis reveals that, on the {F (·)}-
theory space, the MGFP is marginally stable for k → 0, i.e., it has no IR-repulsive
directions. (This is to be contrasted with the ordinary GFP which is strongly repulsive
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in λ-direction.) As a result, trajectories which are to run into the MGFP for k → 0 do
not require any finetuning of their initial conditions.
The MGFP is a simple example of a critical fixed point at which the system has no
distinguished length scale. If the RG trajectory followed by the universe is attracted into
the MGFP for k → 0, its actual size is completely unrelated to the value of the bare
cosmological constant λ¯kˆ.
5 Conclusion
The F (V )-truncation is certainly not realistic yet, but it demonstrates that the smallness
of the observed, i.e., renormalized, cosmological constant can indeed be the result of a
nonperturbative gravitational RG evolution in the infrared, and that the actual large-
distance properties of the universe in general have little or nothing to do with the naive,
i.e., bare, values of the gravitational parameters.
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